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2. DGE (Dynamic General Equilibrium) and GAMS-MPSGE
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ul. GAMS Code: Describing a Steady-State Equilibrium

1 $TITLE Ramsey Model -- MPSGE formulation calibrated to base year data
2

3 $ontext

4 Calibrate to the steady-state condition:

5

6 10 = KDO * (g + delta) / (r + delta)
7

8 where g=2, delta=7, r=5, so
9

10 10 = 48 * 9/ 12 = 36
11

12 YIFD

13 P 100 -36 -64

14 PL -52 52

15 RK -48 48

16 PS 36 -36

17

18 S$offtext

19

20 PARAMETER g Growth rate /0.02/,
21 r Interest rate /0.05/,

22 delta Depreciation rate /0.07/,

23 kvs Capital value share /0.48/,

24 y0 Base year output,

25 kd0 Base year rental value of capital,
26 kO Base year capital stock,

27 10 Base year investment,

28 c0 Base year consumption,

29 10 Base year labor input,

30 kstock Base year capital stock multiplier /1/,
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31 taxk(t) Capital tax rate in period T,

32 qgref(t) Reference quantity path,

33 pref(tt) Reference price path;

34

35 * Use the GAMS ORD (ordinality) and CARD (cardinality)
36 * functions to automate the identification of the first
37 * and last periods of the model horizon:

38

39 t0(t) = yes$(ord(t) eq 1);

40 tl(t) = yesS$(ord(t) eq card(t));

41 tterm(tt) = yes$(ord(tt) eq card(tt));

42

43 * Calibrate the model to the baseline growth path:
44

45 y0 = 100;

46 kd0 = kvs * y0;

47 10 = y0 - kdoO;

48 k0 = kd0 / (r + delta);

49 i0 = (g + delta) * kO;

50 c¢0 = y0 - i0;

51 taxk(t) = 0;

52 gref(t) = (1+g)**(ord(t)-1);

53 pref(tt) = (1/(1+r))**(ord(tt)-1);

54

55 DISPLAY y0, kdo, 10, k0, i0, c0, g, r, delta;

B}, GAMS Code: Benchmark Replication of the Model

1

2 * Define the time horizon of the model using two sets, one which
3 * includes the post-terminal year and one which covers only the

4 * endogenous years:

5

6 SET tt Time horizon (with the first year of the post-terminal period) /2004*2081/,
7 t(tt) Time period over the model horizon /2004*2080/;

8 t0(t) Year O,

9 tl(t) Last endogenous year,

10 tp(tt) First post-terminal year;

11

12 SONTEXT

13

_11_



14
15
16
17
18
19
20
21
2
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

$MODEL:RAMSEY

$SECTORS:

Y(t) ! Output

I(t) ! Investment
K(t) ! Capital stock

$COMMODITIES:

P(t) ! Output price
RK(t) ! Return to capital
PK(tt) ! Capital price
PL(t) ! Wage rate

$CONSUMERS:
RA ! Representative agent

$SAUXILIARY:
TK ! Post-terminal capital stock

$PROD:Y(t) s:1

O:P(t) Q:YO

I:PL(t) Q:LO

LRK(t) Q:KDO A:RA T:TaxK(t)

$PROD:K(tt)$T(tt)

O:PK(TT+1) Q:(K0*(1-DELTA))
O:RK(tt) Q:KDO

L.PK(tt) Q:KO

$PROD:I(tt)$T(tt)
O:PK(TT+1) Q:I0

I:P(tt) Q:10

$DEMAND:RA s:1
D:P(t) Q:(qref(t)*CO0) P:pref(t)

E:PL(t) Q:(LO*qref{t))

E:PK(T0) Q:(KO*KSTOCK)

52
53
54

E:PK(TP) Q:-1 R:TK

$REPORT:

_12_
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55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85

V:C(t) D:P(t) DEMAND:RA
V:W W:RA

$CONSTRAINT:TK

SUM(TSTL(T+1), I(T+1)I(t) - Y(T+1)/Y(t)) =E= 0;

SOFFTEXT
$SYSINCLUDE mpsgeset RAMSEY

* Assign steady-state equilibrium values for quantities

* and prices:

Y.L(t) = qref(t);
LL(t) = qref(t);
K.L(t) = qref(t);

P.L(t) = pref(t);
RK.L(t) = pref(t);
PL.L(t) = pref(t);

* The steady-state price of capital is the output price

* times one plus the interest rate:

PK.L(tt) = (1+r) * pref(tt);
TK.L = kO * (1+g)**card(t);

RAMSEY.ITERLIM = 0;
SINCLUDE RAMSEY.GEN
SOLVE RAMSEY USING MCP;

ABORTS$(RAMSEY.OBJVAL > 0.001) "Model does not calibrate.";

RAMSEY.ITERLIM = 10000;
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3. GAMS-MPSGE modelling

7}. Mathematical Formulation

Mathiesen (1985) demonstrated that an Arrow-Debreu general economic equilibrium model could
be formulated and efficiently solved as a complementarity problem. Mathiesen’s formulation may be

posed in terms of three sets of ‘central variables’:

P a non-negative n-vector of commodity prices including all final goods, intermediate
goods and primary factors of production

y a non-negative m-vector of activity levels associated with constant returns to scale
production sectors in the economy

M an h-vector of income levels, one for each “household” in the model, including

any government entities.
(Fol& =1)

—Ip)=CW) —RG) =0V
Hj(p) unit profit fn
Cj(p) unit cost

R(p): unit revenue

= min{;pixjfj(m) = 1}
B p) = max{gpiy,:|gj(y) = 1}

where f and g (joint output: CET) are the associated production functions characterizing feasible

inputs and outputs.

= ¢Hx?’ Eai =1, 0,=0

Yi

gly) = pmax; — 3

Then the dual functions will be

_14_



. 1 b; “
Clp) = EH Ei
and
R(p) = Zﬂipi
AR AZZ)

at equilibrium prices and activity levels, the supply of any commodity must balance or exceed

excess demand by consumers.

oIl (p)
6;) + 2 Wi, = E dih (p’ Ml)
i h h

2y,

J
the first term of LHS: the net supply of good ¢ by the CRS production sectors (Shepard’s
lemma)
the second term of LHS: the aggregated initial endowment of good ¢ by households
RHS: aggregate final demand for good 7 by households, given market prices p and household

income levels M.

Final demand are derived from budget-constraint utility maximization:

dy, (p, M) = argmax{%(xﬂzpi = Mh}

(&5 91 4)

at an equilibrium, the value of each agent’s income must equal the value of factor endowments:
M, = Zpiwih
3

Walras’ law always hold:

Zpidih =M, = Zpiwz’h

Aggregating market clearance conditions (using equil prices) and the zero profit conditions (using

_15_



equi. activity levels), it then follows:

Y ydT(p) =0 or
J

yIp) =0 v}

Furthermore, it follows that:

oIl (p)
e+ Y wy, — Y dy (0, M) =0 Vi
ap h h

b; Zyj ‘
j j
Complementary slackness is a feature of the equilibrium allocation even though it is not

imposed as an equilibrium condition, per se. This means that in equilibrium, any production activity

(which is operated) makes zero profit and any production activity which earns a negative net return

is idle. Likewise, any commodity which commands a positive price has a balance between aggregate

supply and demand, and any commodity in excess supply has an equilibrium price of zero.

1}. Example 1

Table I. The benchmark social accounting matrix.

Sectors Consumers

X B4 OWNERS WOREERS GOVT
PX 100 -20 =30 -50
PY =10 80 =40 -30
PK -20 -40 &0
PL -50 -10 RO*
TRNS 10 20 -30
TK -20 -10 30

* 60 = labor endowment net leisure demand = 100 - 40
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Table IT. Mapping from benchmark social accounts into parameters.

Sectors Consumers
Cw Households(H)  Govermment
Goodg Markets (G): A(G,S)-B(G,S) -C(G,H)
Factor Markets (F): -FD(F, S) E(F,H)-D(F,H)
Capital taxes: -T("K",S) GREV
Transfers: TRN (H) -GREV

(1) Gams code: Data specification for the 2-2 model Harberger

% SECTION (i) DATA SPECIFICATICN AND BENCHMAREKING
SETS G GOODS AND SECTCRS /X, Y/,

F PRIMARY FACTORS /K, L/,

H HOUSEHOLDS /OWNER, WOREKER/;
ALIAS (S5,G);

TABLE SAM(*,*) SOCIAL ACCOUNTING MATRIX

X ' OWNER  WORKER GOVT
X 100 -20 -30 -50
Y -10 80 -40 -30
K -20 -40 60
L =50 -10 60
TK -20 -10 30
TRN 10 20 =30
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PARAMETER

A(S) BENCHMARK OUTPUT
B(G,S) USE MATRIX (GOODS INPUTS BY SECTOR)
C(G,H) HOUSEHOLD DEMAID
FD(F, S) FACTOR DEMAND BY SECTOR
E(F,H) FACTOR ENDOWMENTS
D(F,H) FACTOR DEMAND BY HOUSEHOLDS
T(F,S) TAX PAYMENT BY FACTOR BY SECTOR
TRN (H) TRANSFER REVENUE
ELAS(S) ELASTICITY OF SUBSTITUTION IN PRODUCTION
ESUB (H) ELASTICITY OF SUBSTITUTICN IN DEMAND
GREV BENCHMARE GOVERNMENT REVENUE
TF (F, S) FACTOR TAX RATE
PF (F, S) BENCHMARK FACTOR PRICES GROSS OF TAX
THETA (G) WEIGHTS IN NUMERAIRE PRICE INDEX
WBAR (H) BENCHMARK WELFARE INDEX;

% EXTRACT DATA FRCM THE SOCIAL ACCOUNTING MATRIX:

A(S) = SAM(S,S);

B(G,5) = MAX(0, -SAM(G,S));

C(G,H) = -SAM(G,H);

FD(F,S) = -SAM(F,S);

E(F,H) = SAM(F,H);

D(F,H) = 0;

TRN(H) = SAM("TRN",H);

T("K",S) = -SAM("TK",S);

* INSTALL "FREE" ELASTICITY PARAMETERS:

E("L", "WORKER") = 100;

D("L","WORKER") = 40;

ELAS(S) = 1;

ESUB(H) = 0.5;

* INSTALL FUNCTICNS OF BENCHMARK VALUES:
GREV = SUM(H, TEN(H));

TF(F,S) = T(F,S) / FD(F,S);

PF(F,S) = 1 + TF(F,S);

THETA (@) = SUM(H, C(G,H));

i

THETA (G) = THETA(G) / SUM(S, THETA(S)
(F,H));

WBAR(H) = SUM(G, C(G,H)) + SUM(F, D

_18_



(2) Gams code: MPSGE model specification and benchmark replication

* SECTION (ii)

SONTEXT

SMODEL : HARBERGER

SSECTORS:
AL(S)

SCOMMODITIES:
P(G)

SCONSUMERS :

RA(H) GOVT

SPROD:AL(S

0:P
I:P
I:W

SDEMAND:

H MO g

SDEMAND : GOVT

SREPORT:

V:CD(G,H)
V:DF (F,H)
V:EMPLOY (S)
V:WLF (H)

SOFFTEXT

W(F)

0 0o

PT

:ELAS(S)
:A(S)

:B(G, S)
:FD(F, S)

o0

a:ESUB(H)

C(G,H) a:
D(F,H)
:E(F,H)
:TRN (H)

Q:GREV

P:PF(F,S)

_19_
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A:GOVT

DEMAND : RA (
DEMAND : RA (
PROD:AL(S)

H
H

T:TF(F,S)

)
)



t}. Example 2

$PROD:Y s:0.75 va:l

O:PY Q:120
I.PX Q: 20
ILPL Q: 60 va:
I.PK Q: 40 va:
0:PY Q:120
va:l
I:PL Q:60 I:PK Q:40
$PROD:X s:esub id:0 e:sigma kl(e):1 en(e):1
O:PX Q:x0
L:P(g) Q:yx0(g) id:$(not en(g)) en:$en(g)
I:PL Q:Ix0O P:pl0 kl:
LPK  Q:kx0
P:pkO kl:
I:P(g) Q:yx0(g) I:PL Q:1x0C I:P("N") Q:yx0("N")

Vg & {E.N} I:PK Q:kx0 I:P("E") Q:yx0("E")
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